Abstract. We give conditions when the fixed points by the partial Atkin-Lehner involutions on X0(N ) are Weierstrass points as an extension of the result by Lehner and Newman [16] . Furthermore, we complete their result by determining whether the fixed points by the full Atkin-Lehner involutions on X0(N ) are Weierstrass points or not.
Introduction
Let H be the complex upper half plane and Γ be a congruence subgroup of the full modular group SL 2 (Z). Denote by X(Γ) the modular curve obtained by compactifying the quotient Γ\H. We can view X(Γ) as a compact Riemann surface analytically. For each positive integer N , we let Γ 0 (N ) be the Hecke subgroup of SL 2 (Z) defined by
and let X 0 (N ) := X(Γ 0 (N )). We recall the definitions of a Weierstrass point of a compact Riemann surface and its Weierstrass weight as in [2] . One says that a point P of a compact Riemann surface X of genus g ≥ 2 is a Weierstrass point of X if there is a holomorphic differential ω (not identically zero) with a zero of order ≥ g at P . If P ∈ X and ω 1 , ω 2 , . . . , ω g form a basis for the holomorphic differentials on X with the property that 0 = ord P (ω 1 ) < ord P (ω 2 ) < · · · < ord P (ω g ), then the Weierstrass weight of P is the non-negative integer defined by wt(P ) := g j=1 (ord P (ω j ) − j + 1).
Note that wt(P ) > 0 if and only if P is a Weierstrass point of X.
The Weierstrass points of modular curves have been studied: Lehner and Newman [16] has given conditions when the cusp at infinity is a Weierstrass point of X 0 (N ) for N = 4n, 9n and Atkin [1] has given conditions for the case of N = p 2 n where p is a prime ≥ 5. Also, Ogg [17] , Kohnen [14, 15] and Kilger [13] have given some conditions when the cusp at infinity is not a Weierstrass point of X 0 (N ) for certain N . And Ono [18] and Rohrlich [19] have investigated Weierstrass points of X 0 (p) for various primes p. Recently in [11] we investigated Weierstrass points on coverings of X 0 (N ).
The Weierstrass points have been illustrated as an important class in number theory. For example, they have been used to determine the group structure of the automorphism groups of compact Riemann surfaces.
The main purpose of this paper is to give some conditions of being the Weierstrass points of X 0 (N ). To describe our main result in this paper more precisely, we recall the definition of the Atkin-Lehner involution. We call a positive divisor Q of N with gcd(Q, N/Q) = 1 an exact divisor of N and denote it by Q N . For each Q N , consider the matrices of the form Qx y N z Qw with x, y, z, w ∈ Z and determinant Q. Then such a matrix defines a unique involution on X 0 (N ) which is called the Atkin-Lehner involution and denoted by W Q . If Q = N, then W Q is called the full Atkin-Lehner involution, and otherwise it is said to be a partial Atkin-Lehner involution. Sometimes we regard W Q as a matrix.
Lehner and Newman [16] have shown that the fixed points by the full Atkin-Lehner involution on X 0 (N ) are Weierstrass points except possibly for finitely many N which are listed in Lemma 3.3. In order to obtain the result, they have applied Schöneberg's Theorem ( [20] ). Our main result in this paper is to determine explicitly when the fixed points by the partial AtkinLehner involutions on X 0 (N ) are Weierstrass points as an extension of the result by Lehner and Newman [16] . Also in this paper we give an algorithm to generate Γ 0 (N )-inequivalent fixed points by the full Atkin-Lehner involution and we provide a computational method which can take care of the exceptional cases listed in Lemma 3.3 which are not covered in the Lehner and Newman [16] . This paper is organized as follows. In Section 2, we recall the formula ( [8] ) for the number of fixed points on X 0 (N ) by the Atkin-Lehner involutions and explain algorithmically how to generate Γ 0 (N )-inequivalent fixed points of X 0 (N ) by the full Atkin-Lehner involution W N . In Section 3, we give conditions when fixed points by the Atkin-Lehner involutions are Weierstrass points. We apply the formula ( [8] ) of the number of fixed points on X 0 (N ) by the Atkin-Lehner involutions and Schöneberg's Theorem ( [20] ), and we give some new formulae for the number of fixed points when so-called the elliptic condition (Definition 3.9) is satisfied and apply them to obtain the conditions for Weierstrass points. In Section 4, we consider the exceptional cases which are not determined solely by Schöneberg's Theorem ( [20] ) and the formula given in [8] , and we give a computational explanation how to determine whether they are Weierstrass points or not. 
Fixed points by Atkin-Lehner involutions
where ν(Q) := ν(Q; N ) is the number of fixed points on X 0 (N ) by W Q . We recall the formula for ν(Q).
otherwise 
0, otherwise
if Q ≡ 3 (mod 4) and 2 N,
, if Q ≡ 3 (mod 4) and 4 N,
Next we give an algorithm to find Γ 0 (N )-inequivalent fixed points of W N on X 0 (N ). 
. We observe that this defines an action of W N on the set 
Then we see that
where the latter case may happen only if N ≡ 3 (mod 4). Let F N be the set of the fixed points of W N on X 0 (N ) and let
where the union is disjoint. Now we define a map φ :
Then we can check easily φ is well-defined.
On the other hand, given a quadratic form
Thus the map φ is surjective. Now we deduce from [9, Proposition in p.505] that the natural maps
) are well-defined and bijective.
From [8] , we have the following formula for the number of fixed points of W N on X 0 (N ):
Since it is well-known that
we have #F N = #G N , and hence φ is a bijection. Now we will find Γ 0 (N )-inequivalent fixed points in F N by finding Γ 0 (N )-inequivalent quadratic forms in G N which can be obtained by pulling back the reduced forms in Q • 4N /SL 2 (Z) and Q • N /SL 2 (Z) through the maps (2.3). Before providing an algorithm, we need the following lemma. 
which yields that N |A since gcd(a, N ) = 1. Hence one has [A, B, C] ∈ Q d,N,β , as desired.
Now we summarize the procedures explained in the above as the following algorithm.
Algorithm 2.3. The following steps implement an algorithm to find
Starting from a reduced form Q red satisfying (2.2) we first find a quadratic form [a, b, c] which is SL 2 (Z)-equivalent with Q red and gcd(a, N ) = 1.
where K is a solution to the linear congruence equation2aX
3. Weierstrass point on X 0 (N ) arising from the fixed points of Atkin-Lehner involutions First, we recall Schöneberg's Theorem [20] as follows. (⌊x⌋ denotes the largest integer not greater than x.)
By using the formula in Proposition 2.1 and Schöneberg's Theorem, we have the following:
Proof. By Theorem 3.1, τ is a Weierstrass point of X 0 (N ) if
Note that ν(N ) = δ N h(−4N ) and there exist only finitely many N such that h(−4N ) ≤ 4. By using these facts, Lehner and Newman [16] have shown that the fixed points of W N are Weierstrass points on X 0 (N ) except possibly for finitely many N . However they didn't specify such possible N 's, and hence we list them in Lemma 3.3. By Proposition 3.11 which we will prove later, we have the following: Proof. Since h(−8) = 1,
and
, our result follows. 
for an odd prime p, the condition of ν (3) 
Proof. It follows directly from Proposition 2.1.
By using lemmas 3.4, 3.5, and 3.6 we have the following result: (1) W Q has a fixed point on X 0 (N ). 
(2) If Q ≡ 1 (mod 4) and N is even, then This is accomplished independently by Heegner [10] , Baker [3] and Stark [21] . The nonfundamental discriminants of class number 1 are as follows: The determination of fundamental discriminants of class number 2 was done again by Baker [4] and Stark [22] . Now consider the condition that ν(Q) > 4. Due to (2.4) and Lemma 3.10, it suffices to determine the values for Q such that h(−Q) = 1 and h(−4Q) = 2, 3, 4. For the purpose, we refer to a paper by Klaise [12] in which all the orders of class number 2 and 3 are determined and an algorithm to find all orders of class number up to 100 is suggested. Let {5, 6, 8, 9, 10, 12, 13, 16, 18, 22, 25, 28 , 37, 58}, By using the result in [12] and some computations of the orders of class number 4 we have the following: Proof.
(1) From Lemma 3.10, we need to consider Q such that h(−4Q) + h(−Q) = 2. By Proposition 3.11, one can check that the only Q = 7 such that h(−4Q) + h(−Q) = 2. In the case of Q = 7, if 4|N or s > 1, then ν(7) > 4, and hence the result follows.
(2) From Lemma 3.10, we need to consider Q such that h(−4Q) ≤ 4. By Proposition 3.11, one can check that there don't exist Q ≡ 1 (mod 4) such that h(−4Q) = 1, 3, and hence the result follows.
(3) From Lemma 3.10, we need to consider Q such that h(−4Q) ≤ 2. However by Proposition 3.11 one can check that there don't exist such a Q that h(−4Q) = 1 in these cases. Therefore the result follows.
Computations for the exceptional cases
In this section, we completely determine when the fixed points of the full Atkin-Lehner involution W N are Weierstrass points on X 0 (N ) including the exceptional cases listed in Lemma 3.3. From now on, we always assume that N is one of those integer values. Let τ ∈ H so that [τ ] := Γ 0 (N )τ ∈ X 0 (N ) is a fixed point of W N . Let {f 1 , f 2 , . . . , f g } be a basis of the cuspform space S 2 (N ) of weight 2 on Γ 0 (N ), where g is the genus of X 0 (N ). Then the differentials ω i := f i dz form a basis for the holomorphic differentials on X 0 (N ). Since ord [τ ] (ω i ) = ord [τ ] (f i ), we will compute the Weierstrass weight of [τ ] by using the f i . In general, it is very difficult to compute the explicit forms of the f i , and hence we will use the Fourier expansions at the infinite cusp ∞ of the f i which can be easily computed by using the computer algebra system including Sage.
In general, the orders ord [τ ] (f i ) do not satisfy the following:
However, any basis satisfying (4.1) can be expressed as a linear combination of the f i , and hence we have the following result: 
Proof. First we consider the Taylor expansions of f i (z) at z = τ for i = 1, . . . , g, which are given by
By applying the elementary row operations to the above expansions we can find cusp forms h 1 , h 2 , . . . , h g which are linear combinations of f 1 , f 2 , . . . , f g with Taylor expansions of the form
where P = [τ ] and ω i = h i dz for i = 1, . . . , g. Thus we see that det(A) = c g j=1
(j−1)! for some nonzero constant c and observe that det(A) = 0 ⇐⇒ ord P (ω j ) ≥ j for some j ⇐⇒ wt(P ) > 0 ⇐⇒ P is a Weierstrass point. Now we estimate the value
(j−1)! by using the Fourier expansion of f i at ∞ f i = ∞ n=1 a i (n)q n where z ∈ H and q = e 2πiz . Note that
Since |e 2πiτ | = e −2πIm(τ ) , we need to find τ ′ ∈ [τ ] whose imaginary part is as big as possible for the fast convergence of the right side of (4.2). We will consider an algorithm to find τ ′ ∈ [τ ] so that Im(τ ′ ) is the biggest. Note that Im(α(τ )) = We summarize the procedures explained in the above as the following algorithm. Table 1 by using Algorithm 2.3 and Algorithm 4.2. By using Lemma 4.1, we can confirm that there are no Weierstrass points on X 0 (N ) arising from the fixed points of W N . We have used Sage, Maple, and Mathematica for the numerical computations. 
